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1. Chaotic order. chaotic order
positive opretor $A,$ $B$ $-$. [20]
$\alpha-p_{ow}er$ mean 1
A $\#_{\alpha}B=A^{\frac{1}{2}}(A^{-\frac{1}{2}}BA^{-}\frac{1}{2})^{\alpha_{A}}\frac{1}{2}$ , for $\alpha\in[0,1]$
positive invertible operators $A,$ $B$ relative
operator entropy $S(A|B)$ [2]
$\lim_{\alphaarrow 0}\frac{A\#\alpha B-A}{CX}=A^{\frac{1}{2}}(\log A^{-\frac{1}{2}B}A-\frac{1}{2})A^{\frac{1}{2}}=S(A|B)$
$A$ $B$ [$24|$ relative entropy
– $S(A|I)=-A\log A$ operator entropy
$[21]_{\circ}$ - $S(I|A)=\log A$
$A$ chaos
$\log$ $\log A\geq\log B$ chaotic
order $A\gg B$ $([5],[6])$ chaotic order
[1]
exponential inequality [9]





$B^{p}\leq I$ for $u\leq 0$ and $0\leq p$
(iii). $B^{u} \#\frac{-u}{p-u}A^{p}\geq I$ for $u\leq 0$ and $0\leq p$
1144 2000 101-113 101
[23]
2. . 1987 $[10](\mathrm{c}\mathrm{f}.[11])$
Furuta inequality:
If $A\geq B\geq 0$ ,




holds for $p$ and $q$ such that $p\geq 0$






$\#_{\frac{1-u}{\mathrm{p}-x}}.B^{p}\leq A$ a$nd$ $B\leq B^{u}\#_{\frac{1-u}{p-u}}A^{p}$
for $p\geq 1$ and $n\leq 0$ .
$\alpha$ –power mean #
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Satellite theorem of the Furuta inequality: If $A\geq B\geq 0$ , then
$A^{u}\#_{\frac{1-u}{\mathrm{p}-u}}B^{p}\leq B\leq A\leq B^{u}\#_{\frac{1-u}{p-u}}A^{p}$
for all $p\geq 1$ and $u\leq 0$ .
– $([16],[17])$
Theorem $\mathrm{B}$ (Parametrization of the Furuta inequality).
If $A\geq B>0$ , then the following equivalent inequalities hold.
(i) $A^{u}\#_{\frac{\delta-u}{\mathrm{r}’-u}}.B^{p}\leq B-.-\delta=B^{u}$ $\#_{\frac{\delta-}{p}}$
-
$B^{p}$ for $..0.\leq\delta\leq p|$, $u\leq 0$
(ii) $B^{u}\#_{\frac{\delta-u}{\mathrm{p}-u}}A^{p}\geq A^{\delta}.=A^{u}\#_{\frac{\delta-u}{p-u}}A^{p}$ for $0\leq\delta\leq p$ , $u\leq 0$
(iii) $A^{u}\#_{\frac{\gamma-u}{\mathrm{p}-u}}B^{\rho}\leq A^{\gamma}.=A^{u}\#_{\frac{\gamma-u}{p-u}}A^{p}$ for $u.\leq\gamma\leq 0$ , $0\leq p$
(iv) $B^{u}\#_{\frac{\gamma-u}{p-,\iota}}A^{p}\geq B^{\gamma}=B^{u}\#_{\frac{\gamma-u}{\mathrm{p}-,\iota}}B^{p}$ for $u\leq\gamma\leq 0$ , $0\leq p$
(i) $B^{\delta}\geq A^{u}\#_{\frac{\delta- u}{\mathrm{p}-\not\in \mathrm{t}}}B^{p}=B^{p}\#_{1-\frac{\delta- u}{p- u}}\mathrm{A}^{u}=B^{p}\#_{\frac{-\delta+\mathrm{p}}{- u+p}}A^{u}$
$B^{-p}\#_{\frac{-\delta+p}{- u+p}}A^{-u}\geq B^{-\delta}$ $-\delta=\gamma,$ $-p=u,$ $-u=p$
(iv) $A$ $B$ $B^{-1}$ $A^{-1}$
(i) $(\mathrm{i}\mathrm{i})_{\text{ }}$ (iii) (iv)





$f(\text{ })=(B^{\frac{f}{2}}\square B^{\frac{r}{2}})^{\frac{1}{q}}$ and $g( \text{ })=(A^{\frac{r}{2}}\coprod A^{\frac{r}{2})}\frac{1}{q}$




$A^{p}$ a$nd$ $B^{u} \#\frac{1-u}{p-u}B^{p}\leq B^{u}.\#\frac{1-u}{p-u}A^{p}$
magic boxes
$A^{-\frac{u}{2}}g(, \Pi)A^{-}\frac{u}{2}=A^{u}\#_{\frac{1-u}{p-\mathrm{u}}}\square$ a$nd$ $B^{-\frac{u}{2}}f(\square )B^{-\frac{u}{2}}=B^{u}\#_{\frac{1-u}{p-u}}\square$
$A^{-\frac{u}{2}}g(Bp)A^{-\frac{u}{2}}\leq A^{-\frac{u}{2}}g(A^{p})A^{-\frac{\mathrm{u}}{2}}$ and $B^{-\frac{u}{2}}f(Bp)B- \frac{u}{2}\leq B^{-\frac{u}{2}}f(Ap)B-\frac{u}{2}$
satellite theorem magic boxes
$A^{u} \#\frac{1-u}{\mathrm{p}-u}B^{p}\leq B^{u}\#_{\frac{1-u}{p-u}}B^{p}\leq A^{u}\#\frac{1-u}{p-u}A^{p}\leq B^{u}\#\frac{1-u}{p-u}A^{p}$
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$F( \text{ })=\square \#\frac{1-u}{p-u}B^{p}$ a$nd$ $G$ $= \square \#\frac{1-u}{p-u}A^{p}$
$A\geq B>$ $u\leq 0$
$F(A^{u})\leq F(B^{u})\leq G(A^{u})\leq G(B^{u})$
parametrized $\mathrm{f}_{0}\mathrm{r}\mathrm{m}(\mathrm{T}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{r}\mathrm{e}\mathrm{m}$
B)
$A\geq B>0$ $0\leq.\delta\leq p,$ $u\leq\gamma\leq 0$
(i) F\mbox{\boldmath $\delta$}( ) $=\square \#_{\frac{\delta-u}{\mathrm{p}-u}}B^{p}\Rightarrow F_{\delta}(A^{u})\leq F_{\delta}(B^{u})\mathrm{f}\mathrm{o}\mathrm{r}\forall u\leq 0_{\rangle}$
(ii) $G_{\delta}(\square )=\square \#_{\frac{\delta-u}{p-u}}A^{\mathrm{p}}\Rightarrow G_{\delta}(B^{u})\geq G_{\delta}(\dot{A}^{u})\mathrm{f}\mathrm{o}\mathrm{r}\forall u\leq 0$ ,
(iii) g\mbox{\boldmath $\gamma$}( ) $=A^{u}\#_{\frac{\gamma-u}{p-u}}\square \Rightarrow g_{\gamma}(B^{p})\leq g_{\gamma}(A^{p})\mathrm{f}\mathrm{o}\mathrm{r}\forall p\geq 0$,
(iv) f\mbox{\boldmath $\gamma$}( ) $=B^{u}$ # $\Rightarrow f_{\gamma}(A^{p})\geq f_{\gamma}(B^{p})\mathrm{f}\mathrm{o}\mathrm{r}\forall p\geq 0$ .
chaotic order
4. Chaotic order .
parametrized form chaotic order
Theorem $\mathrm{B}$ I $A\geq B\Rightarrow\log A\geq\log B$
Theorem 1. Let $A$ and $B$ be positive invertible operators, then the
followings are $eq\uparrow\iota iva\iota_{e}nt$ .
(1) $A\gg B$ (i.e. $\log A\geq\log B$)
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(2) $A^{u}\#_{\frac{\delta-u}{p-u}}B^{p}$ $\leq B^{\delta}$ for $u\leq 0$ and $0\leq\delta\leq p$
(3) $B^{u}\#_{\frac{\delta-u}{p-u}}A^{p}\geq A^{\delta}$ for $u\leq 0$ and $0\leq\delta\leq p$
(4) $A^{u} \#\frac{\gamma-u}{t’-u}B^{p}\leq A^{\gamma}$ for $u\leq\gamma\leq 0$ and $0\leq p$
(5). $B^{u}\#_{\frac{\gamma-u}{p-u}}A^{p}\geq B^{\gamma}$ for $u\leq\gamma\leq 0$ and $0\leq p$
Proof. Since $A^{u} \#\frac{-u}{p-u}B^{p}\leq 1$ by Theorem $\mathrm{A},$ (1) implies (4) is given
as follows:
$A^{u} \#_{\frac{\gamma-u}{p-u}}B^{p}=A^{u}\#_{\frac{\gamma-u}{-u}}(A^{u}\#\frac{-u}{p-u}B^{p})\leq A^{u}\#_{\frac{\gamma-u}{-u}}1=A^{\gamma}$.
The equivalence of (2), (3), (4) and (5) are already shown in the Remark
of Theorem Aand the converse is the case of $\delta=0$ .
chaotic order $0\leq\delta\leq P$
[9] Theorem 1 $u\leq\delta\leq p$
Theorem 2. Let $A$ and $B$ be positive invertible operators $abdu\leq$
$0,0\leq p$ and $u\leq\delta\leq p$ . Then the followings are equivalent:
(1) $A>>B$
(2)
$J$ $H_{\delta}(A, B,p, u)=A^{u}\#_{\frac{\delta-u}{\mathrm{p}-u}}B^{p}$
is increasing for $u$ and decreasin,$g$ for $p$ .
(3) $H_{\delta}(B, A,p, u)=B^{u}\#_{\frac{\delta-u}{\mathrm{p}-u}}A^{p}$
is increasing for $p$ and decreasing for $u$ .
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Proof. For any $c->0$ , we can use Theorem 1 (2) as follows:
$\mathrm{A}^{u}\#\frac{\delta-u}{p+c--u}B^{p+\epsilon}=A^{u}\#_{\frac{\delta-u}{p-u}}(A^{u}\#_{\frac{p-u}{p+\epsilon-u}}B^{p+\epsilon})\leq A^{u}\#_{\frac{\delta-u}{p-u}}B^{p}$ .
Hence $H_{\delta}(A, B,p, u)$ is increasing for $p$ . The decrease for $u$ is also seen






Corollary Let $A\gg B$ and $u\leq 0,0\leq p$ and $u\leq\delta\leq p$ . Then
(1) $H_{\delta}(A, B,p, u)\leq A^{\delta}$ for $u\underline{<}\delta\leq 0$
(2) $H_{\delta}(A, B, p, u)\leq B^{\delta}$ for $0\leq\delta\leq p$
(3) $H_{\delta}(B, A,p, u)\leq B^{\delta}$ for $u\leq\delta\leq 0$
(4) $H_{\delta}(B, A,p, u)\leq B^{\delta}$ for $0\leq\delta\leq p$
5. (1) .
$[14](\mathrm{C}\mathrm{f}.[12],[13])$
Theorem FYY. Let $A\geq B\geq 0$ with $A>0$ and
$c_{\tau_{\mathrm{p},\delta,t}}(A, B, r, s)=A^{-\frac{r}{2}}\{A^{\frac{}{2}}’(A^{-\frac{t}{2}}B^{p}A^{-\frac{t}{2}})sA^{\frac{r}{2}\}^{\frac{\delta-t+r}{(\mathrm{p}-t)\mathit{8}+f}}}A^{-\frac{r}{2}}$
for each $t\in[0,1]$ and $p\geq t$ . The following (i) and (ii) hold for a fixed $\delta$
and they are mutually equivalent;
(i) if $\delta\geq 0$ , then $G_{p,\delta,t}(A, B, r, s)$ is decreasing for $r\geq t$ and $s\geq 1$
such that $(p-t)s\geq\delta-t$ .
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(ii) If $p\geq\delta$ , then $G_{\mathrm{p},\delta,t}(A, B, r, s)$ is decreasing for $s\geq 1$ and $r\geq$
$\min\{t, t-\delta\}$ .
Theorem C. If $A\geq B>0$ , then for each $t\in[0,1]$
$H_{p,\delta,t}(A, B, u, \beta)=Au\#_{\frac{\delta-\mathrm{u}}{\beta-u}}(A^{t}\#\mapsto-\iota p-tB^{p})$
is increasing for $u\leq 0$ and decreasing for $\beta\geq p$ where $0\leq t<p\leq$
$\beta,$ $u\leq 0$ and $\delta\in[0, \beta]$ .
$H_{p,\delta,t}$ $G_{p,\delta,t}$
$H_{p,\delta,t}(A, B, u, \beta)=A^{\frac{t}{2}}G_{p,\delta,t}(A, B, t-u, \rho p\frac{-l}{-t})A^{\frac{\mathrm{t}}{2}}$
$\beta\geq P$ $r=t-u,$ $s=Q_{\frac{-t}{-t}}p$




Theorem D. If $A\geq B>0$ , then for each $t\in[0,1],$ $0\leq t<p\leq\beta$ ,






Theorem E. If $A\geq B>0$ , then for $0\leq t\leq 1$ and $0\leq t<p\leq\beta$
$(A^{t}\mathfrak{h}_{\beta_{\frac{-t}{-t}},p}B^{p})^{\epsilon}\beta\leq B^{p}$ a$nd$ $(B^{t} \mathfrak{h}\frac{\beta}{p-} A^{p})^{\mathrm{E}}\beta\geq A^{p}$ .
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$B^{u}\#_{\frac{\gamma-u}{\beta-u}}(B^{t}\mathfrak{h}_{L_{\frac{-t}{t}},\rho-}A^{p})\geq B^{u}\#_{\frac{\gamma-u}{p-\mathrm{u}}}A^{p}\geq B^{\gamma}$ .
Theorem 2 Theorem $\mathrm{E}$ Theorem $\mathrm{C}$
$\delta\in[u, \beta]$
Theorem 4. If $A\geq B>0$ , then for each $t\in[0,1],$ $0\leq t<p\leq$
$/\mathit{3},$ $u\leq 0$ and $\delta\in[u, (i]_{f}$
(1) $H_{p,\delta,t}(A, B, u, \beta)=A^{u}\#_{\frac{\delta-u}{\beta-\mathrm{u}}}(A^{t}\mathfrak{h}_{\mathcal{B}_{\frac{-t}{-t}},p}B^{p})$
is increasing for $u\leq 0$ and decreasing for $\beta\geq p$ ,
(2) $H_{p,\delta,\iota}(B, A, u, \beta)=B^{u}\#_{\frac{\delta-u}{\beta-u}}(B^{t}\mathfrak{h}_{\beta_{\frac{-t}{-t}},p}A^{p})$
is increasing for $\beta\geq p$ and decreasing for $u\leq 0$ .
Proof. Since $A\gg(A^{t}\#_{\mathrm{A}\underline{-t}}B^{p})^{\frac{1}{\beta}}$ is easily led from Theorem $\mathrm{E}$ , so we
$\mathrm{p}-t$
can apply Theorem 2 to these operators and have the conclusion.
Theorern $\mathrm{F}$
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Corollary. If $A\geq B>0$ , then for each $t\in[0,1],$ $0\leq t<p\leq\beta,$ $u\leq$
$0$ and $\delta\in[u,p]$ ,
(1) $If_{p,\delta,t}(A, B, u, \beta)\leq A^{u}’\#_{\frac{\delta-u}{p-u}}B^{p}$
and
(2). $H_{p,\delta,t}(B, A, u, \beta)\geq B^{u}\#_{\frac{\delta-u}{p-\tau\iota}}A^{p}$
Figure 3
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6. (2) . $t\in[0,1]$
Theorern 1 $A\gg B$
Theorem 5. If $A\gg B$ , then for $u\leq\gamma\leq 0,0\leq p\leq\beta,$ $u\leq\delta\leq p$
and $p\leq\beta\leq 2p$ ,
$A^{u}\#_{\frac{\delta-u}{\beta-u}}(A^{\gamma}\mathfrak{y}_{4^{-}r,p-\gamma}B^{\mathrm{p}})\leq A^{u}\#_{\frac{\delta-u}{p-u}}B^{p}$
and
$B^{u}\#_{\frac{\delta-u}{\beta-u}}(B^{\gamma}\#_{p-\gamma}L-\iota A^{p})\geq B^{u}\mathfrak{h}_{\frac{\delta-u}{p-u}}A^{p}$ .












Proof of Theorem 5 By the above lemma, we have
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